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Abstract
Coaxial octorotors have gained widespread application due to their superior control performance and robustness compared to
quadrotors. However, the introduction of fourmore rotors significantly increases the complexity ofmodeling and control, as the
intricate rotor interactions demand amore comprehensive representation of the UAV’s dynamics. Traditional approaches, such
as the Newton–Euler method, often separate position and attitude dynamics, leading to redundant operations and increased
computational load,which becomes evenmore problematic for coaxial octorotors. Twistor, as a novel rigid-body representation
parameter, is particularly well suited for modeling coaxial octorotors, offering a unified, non-redundant framework that
simplifies the description of UAVmotion. To address the computational efficiency issues associated with dynamics modeling
using the Newton–Euler method and dual quaternions, this study proposes a novel approach based on twistor, which enables a
more concise and efficient unified description of UAV pose dynamics. To address the challenges posed by the strong dynamic
performance of coaxial octorotors, we design a finite-time double-hyperbolic sliding mode controller for dynamic pose
tracking, rigorously proven to ensure global finite-time stability using Lyapunov finite-time criterion and LaSalle invariance
principles. The effectiveness and practicality of twistor-based modeling as well as twistor-based controller are demonstrated
through hardware-in-the-loop simulations on the RT-Links platform, highlighting its potential for real-world applications in
complex environments.
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1 Introduction

In recent years, multirotor UAVs, particularly quadrotors,
have attracted considerable attention due to their advan-
tages such as simplicity of operation, ease of control,
and cost-effectiveness [1]. However, despite these benefits,
quadrotors have certain limitations, especially in scenarios
involving heavy payloads, harsh operating conditions, and
fault-tolerant flight. In contrast, coaxial octorotors, with their
eight rotors configured coaxially, can effectively address
these limitations by offering superior stability, redundancy,
and dynamic performance [2]. This configuration enhances
payload capacity, improves flight stability, and provides bet-
ter fault tolerance, especially in cases of rotor failure. Despite
these advantages, the increased rotor count introduces sig-
nificant complexities in the design of control systems. The
interactions between the rotors and the increased demand for
advanced control algorithms are more pronounced in coaxial
octorotors compared to their quadrotor counterparts [3].
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The dynamic response capability of a UAV pose control
system is partly determined by the accuracy and computa-
tional speed of its dynamic model. In existing research on
the modeling and control of coaxial octorotors, most stud-
ies model the UAV’s position and attitude separately. In the
research of quadrotor UAVs, the Newton–Euler method is
commonly used for the dynamic description of the UAV
[4–7]. Modeling is typically performed separately using the
Newton–Euler method [8], where position is described by
position vectors [9] and attitude is represented by param-
eters such as Euler angles [10] or quaternions [11]. In
attitude representation, Euler angles are effective for small-
anglemaneuvers but introduce trigonometric complexity and
computational overhead for large-angle rotations. Attitude
quaternions address these limitations but suffer from param-
eter redundancy, requiring normalization and additional
resources. For complex systems like coaxial octorotors, an
integrated modeling approach is essential to optimize posi-
tion and attitude representation, eliminating redundancy and
computational burden while providing a more efficient and
scalable solution. A unified pose modeling approach over-
comes the limitations of separate modeling. In quadrotor
research, dual quaternions have been widely used for UAV
modeling and control [12, 13], providing a unified descrip-
tion of position and attitude. However, dual quaternions
employ an eight-dimensional parameter set for six-degree-
of-freedom motion, leading to redundancy and requiring
normalization constraints in data filtering and state fusion
[13].Moreover, many dual quaternion-based controllers sim-
plify the dual part to a position vector, neglecting the full dual
quaternion form and introducing additional calculations.

To overcome these limitations, [14] introduces the twistor,
a pose description parameter that extends the modified
Rodrigues parameters (MRPs) within the dual-number alge-
bra. The twistor uses a six-dimensional parameter set to
describe six-degree-of-freedom pose motion without param-
eter redundancy. Furthermore, controllers based on twistor
can be directly derived from MRP-based controllers. There-
fore, twistor-based controllers eliminate the need for addi-
tional computational steps and normalization This is partic-
ularly advantageous for control systems of complex multi-
rotor UAVs, such as coaxial octorotors, where accurate and
efficient pose modeling is essential. To the best of our knowl-
edge, this study represents the first application of twistor in
the research of coaxial octorotors. We employ MATLAB for
pose dynamic model simulation, which shares conceptual
parallels with numerical methods in other dynamic system
analysis [15–18]. The twistor’s potential to simplify mod-
eling and enhance control performance in such systems is
demonstrated, offering a novel and efficient framework for
future research and applications.

Coaxial octorotors are widely used in demanding environ-
ments like military reconnaissance, search-and-rescue, and

disaster response due to their high payload capacity, fault tol-
erance, and stability. These missions often involve dynamic,
time-sensitive tasks, requiring UAVs to adapt quickly to
changing targets or unpredictable conditions. A robust and
responsive pose control system is essential for dynamic pose
tracking, ensuring real-time position and orientation accu-
racy in challenging scenarios. Traditional control methods,
such as PD, PID, and linear sliding mode controllers, are
widely used but often fall short in meeting the high dynamic
response demands of complex tasks. Their limited preci-
sion and stability in fast-changing environments can result
in suboptimal performance or instability. To address these
issues, robust control strategies have been proposed in sev-
eral studies. For example, a six-degree-of-freedom coaxial
octorotor controller was developed to ensure robustness in
the presence of actuator faults [19], while a higher-order
integral dynamic sliding mode controller was designed for
fault-tolerant control of position and attitude dynamics [20].
Additionally, a robust fault-tolerant control law was intro-
duced to address attitude controllability issues in multirotor
UAVs with actuator failures [8]. However, these approaches
did not address finite-time control, which is critical for
achieving time-optimal performance [21]. Finite-time con-
trol offers enhanced robustness and dynamic response com-
pared to conventional closed-loop systems by incorporating
fractional power terms [22, 23]. For coaxial octorotors, finite-
time position and heading control has been proposed using
back-stepping-based fast terminal sliding mode control [20].
Finite-time sliding mode control is particularly effective for
UAV pose tracking, yet traditional linear reaching laws fail
to deliver the dynamic responsiveness required for tracking
dynamic pose targets. To address this, a double-hyperbolic
reaching law (DHRL) was introduced, significantly improv-
ing dynamic response capabilitieswhile avoiding oscillations
[24]. This approach has been validated to exhibit excellent
dynamic response and robustness, fundamentally resolving
oscillation issues in quadrotor attitude control [25].

The main contribution lies in:

(1) This paper presents the first application of twistor in
the modeling and control of coaxial octorotor systems.
By leveraging twistor for dynamic description, the pro-
posed approach eliminates parameter redundancy and
computational overhead, addressing key limitations of
dual quaternion-basedmethods, especially the inefficien-
cies in dual part transformation.

(2) A twistor-based finite-time double-hyperbolic sliding
mode (FDSM) pose integration controller is designed
and validated through hardware-in-the-loop simulation.
The proposed FDSM controller demonstrates excep-
tional performance, achieving finite-time convergence
and robust dynamic pose tracking, even in challenging
scenarios.
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This paper is organized as follows. Section 1 presents the cur-
rent state of research and the significance of coaxial octorotor
UAV modeling and control. Section 2 establishes octoro-
tor dynamics and kinematics equations based on twistor.
Section 3 designs the FDSM and verifies its stability using
the Lyapunov finite-time stability criterion and the LaSalle
invariance principle. Section 4 performs hardware-in-the-
loop simulation validation of the proposed method and
analyzes the results. The conclusion of this paper is given
in Sect. 5.

2 Problem statement

2.1 Mathematical preliminaries

To provide a unified description, the following definitions of
the sets related to real numbers and dual quaternions are pre-
sented. The real number set is defined as R. The quaternion
set is defined asH = {q = q0+q1i+q2 j+q3k, q1, q2, q3 ∈
R}, where i, j, k are imaginary unit satisfying i2 = j2 =
k2 = i jk = −1. The dual-number set is defined as Dn =
{â = ar + εad | ar , ad ∈ R

n}, where ε denotes the dual
unit, which satisfies ε2 = 0, ε �= 0. The dual quaternion set
is defined as DQ = {q̂ = qr + εqd | qr , qd ∈ H}.

The dual quaternion multiply operation is defined as

p̂q̂ = prqr + ε(pdqr + prqd) (1)

where p̂ = pr +εpd , q̂ = qr +εqd . It is worth noting that the
dual quaternions mentioned here are not normalized. Only
dual quaternions that satisfy the normalization constraint can
be used to represent the rigid-body pose. The unit dual quater-
nion set is defined as DQn = {q̂ ∈ D

Q | ‖q̂‖ = 1}. When
both real parts of the quaternion are zero, the set is denoted
as DQν = {q̂ ∈ D

Q | qr0 = qd0 = 0}.
The vector mapping of quaternion can be written as

(q)v = [q1 q2 q3]T = q (2)

and the quaternion mapping of vector can be written as

a = [0 a1 a2 a3]T = [0 a]T (3)

It should be noted that the generalized dual quaternion cannot
be directly used for representing rigid-body motion, as it has
not undergone normalization. The normalization constraint
of dual quaternion can be written as ‖q̂‖ = q̂∗q̂ = q̂q̂∗ =
1, where q̂∗ is the conjugate dual quaternion which can be
expressed as q̂∗ = q∗

r + εq∗
d .

Assume two framesFO andFA. The rigid kinematic equa-
tion based on dual quaternion can be expressed as

˙̂q = 1

2
q̂ V̂ A

AO = 1

2
V̂ O
AOq̂ (4)

where V̂ A
AO , V̂ O

AO ∈ D
Qν are dual quaternion mapping of

their relative vector and OVA
AO is the dual velocity of frame

FO with respect to frame FA, expressed in FA. The relative
frames for the other parameters in this paper are defined in
the samemanner andwill not be elaborated upon further. The
dual velocity can be expanded as

V̂ A
AO = V̄

A
AO + εv̄A

AO

V̂
A
AO = ωA

AO + εvA
AO

V̂ O
AO = ω̄O

AO + εv̄O
AO

V̂
O
AO = ωO

AO + εvO
AO

(5)

where vA
AO = ṙ AAO+ωA

AO×r AAO , v
O
AO = ṙOAO+ωO

AO×rOAO .
The twistor is defined as

B̂ = (q̂ + 1)−1(q̂ − 1) ∈ D
Qν (6)

In [14] and [26], the set of twistor has not been explicitly
defined. This paper provides a detailed definition of the set
of twistor as

B =
{
B̂ = (q̂ + 1)−1(q̂ − 1) ∈ D

Qν | ∀q̂ ∈ D
Q
}

(7)

Naturally, B ⊂ D
Q . The dual form of twistor can be written

as

B̂ = p̄ + εb̄
b = �r AAO = �T rOAO ∈ R

3 (8)

where

� = 1

4
(1 − | p|2)I3 − 1

2
p× + 1

2
p pT (9)

where I3 is three-dimensional identical matrix, p =
[p1 p2 p3]T is relativemodifiedRodrigues parameter (MRP),
and p× represents the skew-symmetric matrix of a three-
dimensional vector. According to Eq. (8), it is obvious that
the real part of twistor isMRP.MRP and unit quaternion dou-
ble covering the three-dimensional rotational group SO(3),
which result in unwinding phenomenon. The unwinding phe-
nomenon can lead to unnecessary maneuvers in the UAV
when the attitude maneuver exceeds π . Therefore, it is cru-
cial to resolve the issue of unwinding. For dual quaternion,
a pose can be represented by both q̂ and −q̂ . Therefore, Eq.
(6) can be rewritten as

�̂(−q̂) = (−q̂ + 1)−1(−q̂ − 1) = �(q̂)−1 (10)

Eq. (10) indicates that a pose canbe representedbyboth �̂ and
�̂−1. To avoid the occurrence of the unwinding phenomenon,
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the numerical range can be artificially constrained, that is

‖ p‖ ≤ 1 (11)

When ‖ p‖ ≥ 1, employing �̂−1 for the pose computation,
which can be expressed as

�̂−1 = p−1 − ε p−1b p−1 (12)

For any value of twistor, the corresponding dual quater-
nion will automatically satisfy the normalization constraint,
which can be expressed as

q̂∗q̂ = (1 + �̂)−1(1 − �̂)(1 − �̂)−1(1 + �̂) = 1 (13)

Therefore, rigid pose representation is based on twistor with-
out normalization constraint.

The relationship between the twistor, the dual angle α̂, and
the screw axis n̂ can be expressed as:

�̂ = tan
α̂

4
n̂ (14)

where n̂ is the dual quaternion mapping of dual vector n̂.
According to Eq. (14), it can be observed that �̂ exhibits
a singularity at αr = 2π . However, its singularity can be
addressed by equivalently treating it as the original pose,
which does not affect the pose description.

2.2 Twistor-based octorotor kinematics and
dynamics

Dynamic pose tracking of the UAV can be viewed as the
relative pose motion of its body frame with respect to the
desired coordinate system,with the latter changing over time.
Therefore, the coordinate systems applied in this paper are
the ground inertial frameFI , the UAV body-fixed frameFB ,
and the desired frame FD .

The kinematics of dynamic pose with twistor represen-
tation can be obtained according to the derivation of the
mentioned above dual quaternion equation.

˙̂
� = 1

4
(1 + �̂)V̂ B

BD(1 − �̂) (15)

where V̂ B
BD denotes the dual quaternionmapping of dual vec-

tor V̂
B
BD of the frameFB relative to the frameFD expressed

in frame FB , which can be calculated as

V̂ B
BD = V̂ B

B I − (1+ �̂)−1(1− �̂)V̂ D
DI (1− �̂)−1(1+ �̂) (16)

where V̂ B
B I denotes the dual quaternion mapping of dual vec-

tor V̂
B
BI of the frame FB relative to the frame FI expressed

in frame FB , V̂ D
DI denotes the dual quaternion mapping of

dual vector V̂
D
DI of the frame FD relative to the frame FI

expressed in frame FD .
The dynamics of the dynamic pose with twistor represen-

tation can be defined as

˙̂V B
BD = M̂

−1
F̂

B
u + M̂

−1
F̂

B
g + M̂

−1
F̂

B
d

−M̂
−1[V̂ B

BI ×
(
M̂V̂

B
BI

)
] − ˙̂V B

DI

(17)

where

M̂ = m d
dε I + ε J B

F̂
B
u = f Bu + ετ B

u

F̂
B
g = f Bg + ε0

F̂
B
d = f Bd + ετ B

d

(18)

where m is the total mass of UAV, J is the inertia matrix
of UAV, I is the identity matrix, f and τ are the resultant
external force vector and torque vector. Subscripts g, u and
d denote wrench of gravity, wrench of control, wrench of
disturbance respectively. The operator d

dε satisfies d
dε (a +

εb) = b. The inverse of dual mass operator M̂ is defined as

M̂
−1 = d

dε
J−1 + εm−1 I (19)

which satisfies

M̂
−1

(M̂V̂ ) = V̂ (20)

For the coaxial octorotor UAV, its six-dimensional control
force screw is generated by the eight rotors, as shown in
Fig. 1. The total thrust can be calculated as

Tall = CT ρD4
P (�2

1 +�2
2 +�2

3 +�2
4 +�2

5 +�2
6 +�2

7 +�2
8)

(21)

where CT is thrust coefficient, ρ is air density of the envi-
ronment that UAV located, DP is diameter of rotor, �i , i =
1, 2, ..., 8 are angular velocity of i-th rotor. The torque of
UAV can be calculated as

τa =
⎡
⎣
lCd(�

2
3 + �2

4 − �2
7 − �2

8)

lCd(�
2
1 + �2

2 − �2
5 − �2

6)

Cd(�
2
1 + �2

4 + �2
5 + �2

8 − �2
2 − �2

3 − �2
6 − �2

7)

⎤
⎦

(22)

where l is the arm length andCd is torque coefficient. Define
the thrust of each axis is written as Fi , i = 1, 2, 3, 4, which
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Fig. 1 Schematic diagram of the UAV system

can be expressed as

F1 = CT ρD4
P (�2

1 − �2
2)

F2 = CT ρD4
P (�2

3 − �2
4)

F3 = CT ρD4
P (�2

5 − �2
6)

F4 = CT ρD4
P (�2

7 − �2
8)

(23)

As the UAV adopts “X" configuration, the transformation of
the three-dimensional forces and the thrust generated by four
rotors can be expressed as

f Bu = 1√
2

⎡
⎣
l −l l −l
l l −l −l
1 1 1 1

⎤
⎦

⎡
⎢⎢⎣

F1
F2
F3
F4

⎤
⎥⎥⎦ (24)

The τa can be written as

τ B
u =

⎡
⎣

0 l 0 −l
l 0 −l 0

CM −CM CM −CM

⎤
⎦

⎡
⎢⎢⎣

F1
F2
F3
F4

⎤
⎥⎥⎦ (25)

where CM denotes the moment coefficient. Therefore, the
matrix integration of Eqs. (24) and (25) can be obtained as

[
f Bu
τ B
u

]
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

L√
2

− L√
2

L√
2

− L√
2

L√
2

L√
2

− L√
2

− L√
2

1√
2

1√
2

1√
2

1√
2

0 L 0 −L
L 0 −L 0
cM −cM cM −cM

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎣

F1
F2
F3
F4

⎤
⎥⎥⎦ (26)

By performing the inverse solution of Eq. (26), the thrust
generated by the four axes can be obtained, which further
allows for the determination of the rotational speed of each
of the eight rotors.

In summary, the relative dynamic and kinematics can be
obtained as

⎧
⎪⎪⎨
⎪⎪⎩

˙̂
�BD = 1

4 (1 + �̂BD)V̂ B
BD

(
1 − �̂BD

)

˙̂V B
BD = M̂

−1
F̂

B
u + M̂

−1
F̂

B
g

+M̂
−1

F̂
B
d − M̂

−1[V̂ B
BI ×

(
M̂V̂

B
BI

)
] − ˙̂V B

DI

(27)

To compare the impact of different algebraic systems on
runtime average memory usage and peak memory usage,
numerical simulations were conducted for controllers based
on the Newton–Euler method, dual quaternions, and twistor
algebra under identical control parameters. The simulation
results are presented in Table1.

As can be seen from Table 1, due to the presence of
iterative computations, the Newton–Euler method exhibits
the highest memory usage, while twistor consumes the
least. Since the operational functions based on dual quater-
nions are all custom-defined, their runtime optimization
is insufficient. Consequently, the controller under the dual
quaternion algebra requires a longer runtime compared to
the Newton–Euler-based method. In contrast, the twistor
approach adopted in this study eliminates redundancy and
normalization constraints, resulting in a shorter runtime than
the other methods.

3 Finite-time controller design

This paper adopts dynamic desired pose tracking as the task
objective and considers external disturbances and measure-
ment noise. Therefore, it is necessary to design a controller
that can quickly converge within a finite time and possesses
a certain level of robustness.

As indicated in [27], hyperbolic function-based sliding
mode control can effectively mitigate the chattering caused
by switching sliding surfaces and improve the dynamic
response performance of the controller. Therefore, this paper
combines hyperbolic functions for the design of a finite-time
controller.

The linear sliding mode (LSM) surface reaching law [26]
can be expressed as

ŝ = V̂
B + 4̂K 1 Ê((1 − �̂

2
)−1�̂)ν (28)

˙̂s = −K̂ 2sgn(ŝ) (29)

The operation of Ê can be expressed as

Ê(ar + εad) = ad + εar (30)

In order to compare with the LSM, the finite-time double-
hyperbolic sliding mode (FDSM) controller proposed in this
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Table 1 The runtime and
memory of different algebraic
systems

Algebraic system Time (ms) Avg Mem (KB) Peak Mem (KB)

Dual quaternion 239.810 0.8 4

Newton–Euler 238.127 1.6 22

Twistor 237.411 0.2 4

paper adopts the same sliding surface. The reaching law of
FDSM is designed as

˙̂s = −K̂ 2|ŝ|α tanh(a ŝ) − K̂ 3|ŝ|α cosh(bŝ) (31)

where 0 < α < 1; the hyperbolic tangent function is
tanh(a ŝ) = (ea ŝ − e−a ŝ)/(ea ŝ + e−a ŝ), hyperbolic cosine
function is cosh(bŝ) = (ebŝ − e−bŝ)/2; K̂ 1, K̂ 2 and K̂ 3 are
dual coefficient operator which defined as

K̂ i = ki I
d

dε
+ ki Iε, i = 1, 2, 3 (32)

By substituting Eq. (17) in Eq. (32), the control wrench can
be written as

F̂
B
u = −M̂ K̂ 2 Ê|ŝ|α tanh(a ŝ) − M̂ K̂ 3 Ê|ŝ|α cosh(bŝ)

+V̂
B
BI ×

(
M̂V̂

B
BI

)
− 4M̂ K̂ 1 Ê

(
1 − �̂

2
)−2( ˙̂

� + �̂
˙̂
��̂

)
ν

−F̂
B
g − F̂

B
d − M̂V̂

B
BI + M̂ ˙̂V B

DI

(33)

Define a new operation as follows

â � b̂ = ar · bd + ad · br (34)

To prove that the controller can achieve global finite-time
stability, it is necessary to demonstrate that the controller
can converge within a finite time during both the reaching
phase and the sliding phase. For reaching phase, the Lya-
punov function is chosen as

V1 = 1

2
ŝ �

(
Ê ŝ

)
(35)

The dual part form of Eq. (35) can be written as

V1 = 1

2
(|sr |2 + |sd |2) ≥ 0 (36)

According to Eq. (36), it can be seen that it is positive
semi-definite and exhibits radial unboundedness. Further-
more, V1 = 0 if and only when ŝ = 0, which indicates
that the closed-loop system attains the equilibrium point of
the reaching phase under the condition that ŝ = 0. By taking

the derivative and substituting it in Eq. (31), we obtain

V̇1 = ˙̂s � (Ê ŝ)

= −(k2|ŝ|α tanh(a ŝ) + k3
∣∣ŝ∣∣ · |ŝ|α cosh(bŝ)) � (Ê ŝ)

= −k2|ŝ|α tanh(asr ) · sr − k2|ŝ|α tanh(asd) · sd
− k3|ŝ|α cosh(bsr ) · sr − k3|ŝ|α cosh(bsd) · sd

(37)

According to Eq. (37), V̇1 = 0 if and only when s = 0. In
accordance with LaSalle’s invariance principle, the reaching
phase is proven to be globally asymptotically stable at the
given equilibrium point. Equation (37) satisfies

V̇1 ≤ −λ

∣∣∣�s
∣∣∣
1+α = −λ

(|sr |1+α + ε|sd |1+α
)

(38)

which can be written as

V̇1 + λV̇
1+α
2

1 ≤ 0 (39)

According to the Lyapunov finite-time stability criterion, it
can be concluded that the system can converge to the slid-
ing surface within a finite time during the reaching phase.
The upper bound of the reaching phase stability time can be
derived from the following integral equation

∫ 0

V1

dV1

V
1+α
2

1

≤ −λ

∫ T

t0
dt (40)

By evaluating the integral of the above expression, the fol-
lowing result can be obtained

2

1 − α

(
V

1−α
2

1 (t0)

)
≤ λ (T − t0) (41)

Therefore, the reaching phase stability time upper bound is

T ≤ 2

λ (1 − α)
V

1−α
2

1 (t0) (42)

For sliding phase, the Lyapunov function is chosen as

V2 = 1

2
�̂ �

(
Ê�̂

)
(43)
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Fig. 2 Links-RT
hardware-in-the-loop simulation
platform

Fig. 3 Links-RT System
Overall Architecture Diagram

According to Equation (43), V2 = 0 if and only when B̂ = 0.
This implies that the closed-loop system reaches the equilib-
rium point of the reaching phase when B̂ = 0. By taking the
derivative, we obtain

V̇2 = ˙̂
� �

(
Ê�̂

)

= −
(

k1
1−B̂ B̂

(1 + B̂)B̂(1 − B̂)
)

v
�

(
Ê B̂

)

= −k1(|σ |2 + |b|2) ≤ −κk12
α−3
2 V

α+1
2

2 ≤ 0

(44)

where 0 < κ < 1. Based on Equation (44), V̇2 = 0 if and

only when B̂ = 0. At this point, only B̂ = 0, V̂
B = 0

are the solutions of the closed-loop system. According to
LaSalle’s invariance principle, it can be concluded that the
sliding phase exhibits global asymptotic stability at the point

B̂ = 0, V̂
B = 0. Consequently, the global asymptotic stabil-

ity of the closed-loop system’s pose motion can be ensured
by implementing hyperbolic sliding mode control utilizing

the twistor framework. Equation (44) can be written as

V̇2 + κk12
α−3
2 V

α+1
2

2 ≤ 0 (45)

According to the Lyapunov finite-time stability criterion, it
can be concluded that the system can converge to zero within
a finite time during the sliding phase. The upper bound of the
sliding phase stability time can be calculated as

T2 ≤ V
α+1
2

2 (t0)

κk12
α−3
2 (1 − α)

(46)

Therefore, the total converge time taken to reach the origin
of the system can be obtained as

Tall = 2

λ (1 − α)
V

1−α
2

1 (t0) + V
α+1
2

2 (t0)

κk12
α−3
2 (1 − α)

(47)
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Fig. 4 Membership function

The above derivation indicates that, regardless of the ini-
tial state, the system will converge to the equilibrium state
within a finite time.

4 Simulation

4.1 Initial parameters

The simulation in this paper is conducted using the semi-
hardware-in-the-loop platform Links-RT from Beijing Links
Co., Ltd., as shown in Fig. 2.

The Links-RT hardware-in-the-loop simulation platform
adopts an upper-lower computer system architecture, as
shown in Fig. 3. The upper computer is a Windows-based
development and simulation host, while the lower computer
is a real-time simulation machine with an integrated CPU. It
runs real-time code for the aircraft dynamics and atmospheric
environment models and connects to the flight control board
through I/O channels.

To validate the effectiveness of the proposed method,
simulations are conducted using Links-RT to compare the
FDSM, LSM controller, and PD controller, with the simu-
lation parameters listed in Table 3. The details of the PD
control law can be found in [14]. To compare with more
advanced controllers, we have also included a fuzzy sliding
mode (FSM) controller for comparison. The FSM reaching
law can be written as

˙̂s = −K̂ 2κsgn(ŝ) (48)

The membership function and fuzzy adjustment rules are
shown in Fig. 2 and Table 4.

The desired dynamic position is set as

rBD =
⎡
⎣
cos (0.3t)
sin (0.3t)
0.1 + t

⎤
⎦m (49)

Table 2 Fuzzy adjustment rules

λ er
NB NS ZO PS PB

V̂
B
BD NB PB PB PS PS PB

NS PB PS ZO PS PB

ZO PB PS ZO PS PB

PS PB PS ZO NS PB

PB PB PS ZO NS PB

The desired dynamic attitude quaternion is set as

qBD =

⎡
⎢⎢⎣

cos
(

π t
10

)
sin

(
π t
10

)
0
0

⎤
⎥⎥⎦ (50)

The attitude quaternion can be converted to MRP using the
following equation:

p =
(
(q + 1)−1 (q − 1)

)
v

(51)

To validate the rationality of the parameters selected in
Table 3, a parameter sensitivity analysis was conducted for
theFDSM. In the simulations, only oneparameterwas altered
at a time from the original set, and the resulting overshoot
(OS), settling time (ST), steady-state error (SSE), average
control force variance (AFV), and average control torque
variance(ATV) for both position and attitude were recorded.
The simulation results are presented in Table 4. The“N/A"
in Table 4 indicates that the position/attitude did not reach a
stable state.

According to Table 4, it can be seen that the origi-
nal parameters demonstrate superior performance compared
to other configurations, as it achieves an optimal balance
between OS, ST, SSE, AFV and ATV. Specifically, the orig-
inal parameters result in zero overshoot for both position
and attitude control, a relatively short settling time, and
a low steady-state error. Additionally, the average control
force variance and control torque variance remain within
acceptable ranges, indicating minimal fluctuations in control
inputs. In contrast, increasing k1 reduces steady-state error
but introduces higher overshoot and control force variance;
higher k2 values improve some aspects of control but lead to
incomplete performance data, suggesting potential instabil-
ity; larger k3 values maintain zero overshoot but significantly
prolong settling time, indicating slower response. Adjusting
a has minimal impact on performance, while lower values
of b slightly reduce control torque variance at the cost of
increased settling time, andhigher values degrade torque con-
trol performance. These trade-offs highlight the robustness of
the original parameters, which deliver balanced performance
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Table 3 Simulation conditions Variable name Initial value

Octorotor mass mc = 1.282kg

Octorotor rotational inertia Jc = diag[ 4.586 4.856 8.801 ]−3kg · m2

Torque coefficient CM = 0.01129

Initial position rB0 = [ 0 0 0 ]Tm
Initial attitude MRP pB0 = [

00.1346 −0.1567 0.0951
]T

FDSM parameter k1 = 5, k2 = 35, k3 = 10, a = 10, b = 0.1

LSM parameters k1 = 5 k2 = 35, σ = 0.07

PD parameters kp = 20, kd = 10

Control force limitation fmax = ±100 N

Control torque limitation τmax = ±1 N · m

Table 4 Performance
comparison under different
parameters

Parameters Position Attitude
OS (m) ST (s) SSE (m) AFV OS ST (s) ATV (×10−3)

Original 0 0.79 0.097 183.8312 0 1.928 0.95311

k1 = 1 0 N/A N/A 71.8077 0 N/A 0.47499

k1 = 10 0.8127 0.74 0.0195 344.1537 0 1.464 2.7732

k2 = 10 0.2528 N/A N/A 152.0546 0 N/A 0.58381

k2 = 50 0 0.83 0.095 198.3017 0 2.28 1.2533

k3 = 1 0 0.79 0.097 183.7017 0 2.707 0.92161

k3 = 10 0 0.79 0.098 183.9842 0 4.14 0.99528

a = 20 0 0.79 0.099 184.6602 0 1.753 0.95424

a = 1 0 N/A N/A 177.943 0.0221 N/A 0.89316

b = 0.01 0 0.79 0.097 183.6855 0.0326 4.14 0.91777

b = 1 0 0.79 0.098 184.6391 0.0234 4.14 2.8477

across all metrics without significant compromises, making
them a well-performing configuration for stable and precise
control in the tested system. However, further exploration is
needed to identify potential parameter sets that may achieve
even better performance.

4.2 Results and analysis

This section compares the proposed FDSM with the LSM
and PD controllers. To accurately simulate real-world condi-
tions, measurement noise is introduced into the simulation.
The simulation results are shown from Fig. 5 to Fig. 9. The
variance of the control outputs for the three controllers is
computed to assess their stability, with the results shown in
Tables 5 and 6. A smaller variance in control output signifies
reduced control cost and improved control efficiency, as it
indicates more precise regulation around the desired output,
which is ideally zero.

The horizontal coordinate in the above figures represents
time, while the vertical coordinate represents the relative
position and velocity of the tracking octorotor with respect to
themeasured pose point at the currentmoment in the tracking

Fig. 5 Flight trajectory

octorotor UAV frame. Figures6 and 7 illustrate the relative
position and relative attitude MRP controlled by different
controllers. The UAV’s position control is achieved through
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Fig. 6 Relative position
expressed in frame FB

Fig. 7 Relative MRP expressed
in frame FB

Fig. 8 Control force expressed
in frame FB
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Fig. 9 Control torque expressed
in frame FB

Fig. 10 Comparison of thrust
on each axis

Table 5 Variance of control force

Controller fx fy fz

FDSM 28.8702 87.7253 86.0709

FSM 27.0050 94.1056 89.7324

LSM 55.3390 105.1723 92.0300

PD 28.4895 63.7053 83.8370

Table 6 Variance of control torque

Controller τ1 τ2 τ3

FDSM 0.00132 0.00007 0.00112

FSM 0.00132 0.00011 0.00118

LSM 0.00134 0.00015 0.00115

PD 0.00129 0.00006 0.00006
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the combination of attitude and thrust. Thus, dynamic attitude
tracking has a significant impact on position tracking perfor-
mance. It can be observed that the PD controller exhibits poor
control performance, resulting in the largest oscillations. The
LSM controller and FSM controller are more stable than the
PD controller, though oscillations still occur in the position
tracking curve. Although the FSM improves robustness and
control performance to some extent by optimizing parame-
ters using fuzzy methods, it still exhibits oscillation issues
similar to the LSM due to the limitations of its reaching law.
In comparison to the PD, LSM and FSM controllers, the pro-
posed FDSM controller achieves faster position convergence
with minimal oscillation. Regarding attitude, the dynamic
response performance of the controllers determines the mag-
nitude of the steady-state error. Notably, the proposed FDSM
controller yields the smallest steady-state error, demonstrat-
ing superior dynamic performance. Based on Fig. 5 and the
analysis above, theflight trajectory achievedunder theFDSM
controller proposed in this paper aligns more closely with
the expected trajectory. Furthermore, the FDSM controller
demonstrates faster convergence speed and achieves finite-
time convergence.

Figures 8 and 9 show the time-varying control outputs of
the three controllers. Figure10 shows the variation curves of
lift on each axis of the coaxial octorotor UAV under different
controllers. As observed from the figures, the control outputs
of all three controllers are similar. Due tomeasurement noise,
the controller outputs exist oscillation. According to Tables 5
and 6, the PD controller’s output is the smoothest. Nonethe-
less, the PD controller demonstrates insufficient dynamic
response capability, and its output fails to adjust promptly
for effective tracking. The output fluctuation of the FSM
is smaller than that of the LSM but larger than that of the
FDSM. In comparison with the FDSM controller proposed
in this paper, the LSM controller and FSM controller exhibit
more pronounced oscillations in its control output. This is
because the LSM controller and FSM controller utilize lin-
ear reaching law, which does not adjust its parameter size
in real time according to the system’s state. Consequently,
while the boundary layermethod is employed to reduce oscil-
lations, the inherent nature of its reaching law still leads
to some oscillations in the control output. In contrast, the
proposed FDSM controller employs the hyperbolic tangent
function to ensure pseudo-linear convergence of the slid-
ing mode variable to zero, thus preventing oscillations and
offering enhanced robustness and dynamic response perfor-
mance. Based on the analysis and simulation results, it can be
concluded that the FDSM controller better balances sliding
mode invariance and disturbance rejection, achieving faster
dynamic response with smoother control outputs.

In conclusion, the FDSM proposed in this paper can
effectively track dynamic pose and converge within a finite
time. Furthermore, compared to the LSM and FSM, the

proposed controller, which is based on a hyperbolic trigono-
metric function reaching law, effectively avoids oscillations,
demonstrates better dynamic response, and exhibits certain
universality.

5 Conclusion

This paper introduces the novel application of twistor for
the dynamic modeling of coaxial octorotors, effectively
addressing parameter redundancy and normalization con-
straints. Furthermore, a finite-time double-hyperbolic sliding
mode controller is designed based on twistor for dynamic
pose tracking. The RT-Links hardware-in-the-loop simula-
tion platform is employed to validate the proposed method.
The simulation results demonstrate that the twistor-based
FDSM controller for coaxial octorotors effectively tracks
dynamic pose targets, converging within a finite time and
exhibiting robust disturbance rejection anddynamic response
performance.

However, the simulation results do not fully represent the
practical performance of the proposed method. The hard-
ware limitations of theUAVhave not been strictly considered
in this study; therefore, the simulation results should be
regarded as a reference for future physical experiments.
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